Analytical solutions of functionally graded material (FGM) shells with embedded magnetostrictive layers are presented in this study. These magnetostrictive layers are used for vibration suppression in the functionally graded shells. Higher order shear deformation theory is employed to study the vibration suppression characteristics. The exact solution for the FGM shell with simply supported boundary conditions is based on the Navier solution procedure. Negative velocity feedback control is used. The parametric effect of the location of the magnetostrictive layers, material properties, and control parameters on the suppression effect are investigated in detail. Higher order shear deformation theory has significant influence on the prediction of the vibration response of thick shells. Further, it is found that the shortest vibration suppression time is achieved by placing the actuating layers farthest from the neutral plane, that the use of thinner smart material layers leads to better vibration attenuation characteristics, and that the vibration suppression time is longer for a smaller value of the feedback control coefficient.
Introduction
A number of materials have been used in sensor/actuator applications. Piezoelectric materials, magnetostrictive materials, shape memory alloys, and electrorheological fluids have all been integrated with structures to make smart structures. Among these materials piezoelectric, electrostrictive, and magnetostrictive materials have the capability to serve as both sensors and actuators. Piezoelectric materials exhibit a linear relationship between the electric field and strains for low field values (up to 100 V/mm). This relationship is nonlinear for large fields, and the material exhibits hysteresis. Further, piezoelectric materials show dielectric aging and hence lack reproducibility of strains, that is, a drift from zero state of strain is observed under cyclic electric field applications.
An ideal actuator, for distributed embedded application, should have high energy density, negligible weight, and point excitation with a wide frequency bandwidth. Terfenol-D, a magnetostrictive material, has the characteristics of being able to produce strains up to 2000 and an energy density as high as 0.0025 J m −3 in response to a magnetic field. Goodfriend and Shoop [1992] reviewed the material properties of Terfenol-D with regard to its use in vibration isolation. Anjanappa and Bi [1994] investigated the feasibility of using embedded magnetostrictive mini actuators for smart structure applications, such as vibration suppression of beams. Bryant et al. [1993] presented experimental results of a magnetostrictive Terfenol-D rod used in dual capacity as a passive structural support element and an active vibration control actuator. Krishna Murty et al. [1997] proposed magnetostrictive actuators that take advantage of the ease with which the actuators can be embedded and the use of the remote excitation capability of Keywords: functionally graded materials, higher order, shear deformation, vibration, shell. magnetostrictive particles as new actuators for smart structures. This work is limited to flexible beam theory. Friedmann et al. [2001] used the magnetostrictive material Terfenol-D in high speed helicopter rotors and studied the vibration reduction characteristics. Vibration and shape control of flexible structures are achieved with the help of actuators and a control law. The response of functionally graded material (FGM) shells is also studied by Loy et al. [1999] , Pradhan et al. [2000] , Woo and Meguid [2001] , and He et al. [2002] . Many modern techniques have been developed in recent years to meet the challenge of designing controllers that suit the function under the required conditions. There have been a number of studies on vibration control of flexible structures using magnetostrictive materials [Bryant et al. 1993; Anjanappa and Bi 1994; Krishna Murty et al. 1997; Giurgiutiu et al. 2001; Pradhan et al. 2001] . Higher order shear deformation theory (HSDT) is discussed in [Reddy 1984a; 1984b] . Kadoli and Ganesan [2006] , Haddadpour et al. [2007] , Li [2008] , Pradyumna and Bandyopadhyay [2008] , and Matsunaga [2009] described various vibration analyses of functionally graded materials. Although there have been important research efforts devoted to characterizing the properties of Terfelon-D, fundamental information about the variation in elastomagnetic material properties in a thick functionally graded shell is not available.
In the present work vibration control of functionally graded shells is studied using HSDT. Exact solutions are developed for simply supported doubly curved functionally graded shells with magnetostrictive layers. This closed form solution exists for FGM shells where the coefficients A 16 , A 26 , B 16 , B 26 , D 16 , D 26 , and A 45 are equal to zero. A simple negative velocity feedback control is used to actively control the dynamic response of the structure through a closed loop control. Numerical results of the vibration suppression effect for various locations of the magnetostrictive layers, material properties, and control parameters are presented. The influence of HSDT on thick FGM shells is also investigated.
Theoretical formulation
Kinematic description. Figure 1 , left, shows a differential element of a doubly curved shell element with constant curvatures along two coordinate directions (ξ 1 , ξ 2 ), where (ξ 1 , ξ 2 , ζ ) denote the orthogonal curvilinear coordinates such that the ξ 1 and ξ 2 curves are the lines of curvature on the middle surface (ζ = 0). Thus, in the doubly curved shell panel considered here, the lines of the principal curvature coincide with the coordinate lines. The values of the principal radii of curvature of the middle surface are denoted by R 1 and R 2 . The position vector of a point (ξ 1 , ξ 2 , 0) on the middle surface is denoted by r, and the position of an arbitrary point (ξ 1 , ξ 2 , ζ ) is denoted by R (see Figure 1 , top right). The square of the distance ds between points (ξ 1 , ξ 2 , 0) and (ξ 1 + dξ 1 , ξ 2 + dξ 2 , 0) is determined as [Pradhan 2005 ]
in which d r = g 1 dξ 1 + g 2 dξ 2 , the vectors g 1 and g 2 (g i = ∂ r/∂ξ i ) are tangent to the ξ 1 and ξ 2 coordinate lines and α 1 , α 2 are the surface metrics:
The square of the distance d S between (ξ 1 , ξ 2 , ζ ) and (ξ 1 + dξ 1 , ξ 2 + dξ 2 , ζ + dζ ) is given by Figure 1 . Geometry and stress resultants of a doubly curved shell.
and L 3 are the Lamé coefficients
Displacement field. We assume the following form of the displacement field, consistent with the assumptions of a thick shell theory as explained in [Reddy and Liu 1985] :
where
(ū 1 ,ū 2 ,ū 3 ) are the displacements of a point (ξ 1 , ξ 2 , ζ ) along the (ξ 1 , ξ 2 , ζ ) coordinates, and (u 1 , u 2 , u 3 ) are the displacements of a point (ξ 1 , ξ 2 , 0) on the mid surface of the shell. C 1 is a constant, which depends on shell thickness. The strain-displacement relations are written as where
and (φ 1 , φ 2 ) are rotations of a transverse normal line about the ξ 2 and ξ 1 coordinate axes, respectively:
The constants C 1 and C 2 are defined as
Constitutive relations. Suppose that the shell is composed of N functionally graded layers. The stressstrain relations of the k-th layer, whether structural layer or actuating/sensing layer, in the shell coordinate system are given as
where Q (k) i j are the stiffnesses of the k-th layer and
The superscript k on Q i j as well as on the engineering constants E FGM , ν FGM , and so on are omitted for brevity. In Equation (11), H denotes the intensity of the magnetic field. H is applied normal to the thickness of the shell. e i j are the magnetostrictive material coefficients.
Feedback control. A velocity feedback control is used in the present study. In the velocity feedback control, the magnetic field intensity H is expressed in terms of the coil current I (ξ 1 , ξ 2 , t) as
Current I is related to the transverse velocityu 3 component as
where k c is the magnetic coil constant and is related to the number of coil turns n c , the coil width b c , and the coil radius r c by
The parameter c(t) is known as the control gain.
Equations of motion. The equations of motion are derived from the dynamic version of the principle of virtual work. By integrating the displacement gradients by parts and setting the coefficients δu 1 , δu 2 , δu 3 , δφ 1 , and δφ 2 to zero separately (the moment terms in the first two equations are omitted) we get
where the forces N i , the moments M i , the third-order moments P i , and the shear forces Q 1 , Q 2 , K 1 , and K 2 are defined as
The inertia-driven terms I i and J i are defined as
The inertia terms are defined as
where ρ (k) is the density of the k-th layer and N is the number of layers in the laminate.
Shell constitutive equation. Using Equations (7) and (11) in (17) we get the following constitutive equations for the actuator embedded shell:
where the shell stiffness coefficients (A i j , B i j , D i j , E i j , F i j , and H i j for i, j = 1, 2, 6) are defined by
and the shell stiffness coefficients (A i j , D i j , and F i j for i, j = 4, 5) are defined by
The magnetostrictive stress resultants ({N
and m 1 , m 2 , . . . denote the layer numbers of the magnetostrictive (or any actuating/sensing) layers.
Functionally graded material. The material properties P FGM of the FGM are controlled by the volume fractions V f i and the individual material properties P i of the constituent materials: In the present case two different materials are particle mixed to form the FGM material. A schematic of the FGM shell with magnetostrictive layers is shown in Figure 2 . The left half of the figure shows two layers of magnetostrictive materials placed symmetrically away from the neutral plane of the FGM shell. A zoomed view of section AA is shown on the right. Assuming there are no defects like voids or foreign particles in the FGM material, the sum of the volume fractions of all the constituent materials is unity:
For example, metal and ceramic materials (nm = 2) are mixed to form the FGM shell. The volume fractions of the metal and ceramic materials are calculated by simple integration of the distribution over a domain. Different problems of interest have different expressions for the volume fractions. For bending problems of plates and shells the volume fractions of the metal (V m ) and ceramic (V c ) materials are defined as
where z is the thickness coordinate (−h/2 ≤ z ≤ h/2) and h represents the shell thickness. R n is the power law exponent (0 ≤ R n ≤ ∞). Here V m varies from 100% to 0% as z varies from −h/2 to h/2. Similarly V c varies from 0% to 100% as z varies from −h/2 to h/2. For various R n values the average V m and V c are depicted in the top and bottom of Figure 3 , respectively. The Young's modulus and Poisson's ratio of a FGM shell made up of two different materials are expressed as
E 1 , E 2 , and E FGM are the Young's moduli of the constituent materials and the FGM material, respectively. ν 1 , ν 2 , and ν FGM are the Poisson's ratios of the constituent materials and the FGM material, respectively. From Equation (28) we note that at z = −h/2, the FGM material properties are the same as those of material 1, while at z = h/2, they are the same as those of material 2. Thus, the FGM material properties vary smoothly across the thickness, from material 1 at the inner surface to material 2 at the outer surface. 
Analytical solution
The equations of motion (16) can be expressed in terms of the displacements (u 1 , u 2 , u 3 , φ 1 , φ 2 ) by substituting the force and moment resultants from (20). Further, one can derive the equation of motion (16) for homogeneous shells. An exact solution for the partial differential equations (16) on arbitrary domains and for general boundary conditions is not possible. However, for simply supported shells whose projection in the x 1 , x 2 -plane is a rectangle and for a lamination scheme of antisymmetric crossply or symmetric cross-ply type the equations (16) are solved exactly. The Navier solution exists if
The simply-supported boundary conditions for the HSDT are assumed to be
where a and b denote the lengths along the x 1 and x 2 axes, respectively. The boundary conditions in (29) are satisfied by the following expansions [Reddy 2004 ]:
Substituting (30) into (16) where S i j , C i j , and M i j (i, j = 1, 2, . . . , 5) are defined in Table 2 . For vibration control, we assume q = 0 and seek the solution of the ordinary differential equations (31) in the form
Substituting (32) into (31), and defininḡ
we obtain as the condition for a nontrivial solution
This equation gives five sets of eigenvalues. The lowest one corresponds to the transverse motion. The eigenvalue can be written as λ= −α + iω d , so that the damped motion is given by
In arriving at the last solution, the following boundary conditions are used:
Results and discussion
In the present work a theoretical analysis of a functionally graded material (FGM) shell, consisting of layers of magnetostrictive material, is carried out. The magnetostrictive material is assumed to impart vibration control through a velocity dependent feedback law that controls the current to the magnetic coils energizing the magnetostrictive material. Higher order shear deformation theory (HSDT) is used in the derivation. Numerical simulation results are presented. The effect of various parameters on the vibration suppression time is studied. These parameters are: the location of the magnetostrictive layer relative to the neutral plane, the thickness of the magnetostrictive layer, the higher modes of vibration, the material properties of the magnetostrictive material, and the material properties of the FGM material. The influence of HSDT on the vibration response of thick shells is also investigated. The FGM shell is considered to have dimensions 1 m × 1 m. Two types of FGM shells are considered: FGM1, made up of stainless steel and nickel, and FGM2, made up of nickel and aluminum oxide. The material properties of the constituent materials were listed in Table 1 . Two layers of magnetostrictive materials are placed symmetrically away from the neutral plane of the FGM shell, as shown in Figure 2 Tables 3  and 4 . In this study, the vibration suppression time (t s ) is defined as the time required to reduce the uncontrolled vibration amplitude to one-tenth of its initial amplitude. In the present numerical simulations the suppression time and the thickness of the magnetostrictive layer are denoted by t s and h m , respectively. Z m represents the distance between the location of the magnetostrictive layer and the neutral plane.
Effect of magnetostrictive layer location. The effect of the location of the magnetostrictive layers on the vibration suppression is studied. Figure 2 shows the location of the magnetostrictive layers in the FGM shells. Transverse deflection values are plotted as functions of time in Figure 4 for several Z m values: 3.5 mm, 5.5 mm, 7.5 mm and 9.5 mm. For Z m = 9.5 mm Figure 4d shows the shortest suppression time, Figure 4a shows the longest suppression time, t s = 0.59 s. From Figure 4 , the shortest suppression time is observed when the magnetostrictive layers are placed farther away from the neutral plane. Similarly, from Figure 4 one can observe that the longest suppression time occurs when the magnetostrictive layer is located closest to the neutral plane of the shell.
The influence on the damping of the vibration response of the distance between the magnetostrictive layers and the neutral plane of the shell in the thickness direction is shown in Tables 5-7. In Tables 5  and 6 , the value of λ 0 increases when the magnetostrictive layer is located farther away from the neutral axis, indicating faster vibration suppression. This is due to the larger bending moment created by the actuating force in the magnetostrictive layers. Further, it is observed that the damping parameter Ꮾ 31 and the associated normalized value of Ꮾ n increase as the magnetostrictive layers are moved away from the neutral plane. These damping parameters are listed in Tables 3 and 4 . These results agree qualitatively with those presented in [Pradhan et al. 2001; He et al. 2002; Pradhan 2005] .
Effect of thickness of magnetostrictive layers. The vibration response of the FGM1 shell for various thicknesses of the magnetostrictive layers (h m ) is studied. Magnetostrictive damping coefficients and natural frequencies for various thicknesses of the magnetostrictive layers are listed in Tables 5-6 . These damping coefficients and natural frequencies refer to the first mode of vibration. The vibration suppression time for h m values of 1 mm, 2 mm, 3 mm, and 5 mm are listed in Tables 5 and 6 . These computations Table 5 . Suppression time ratio for various locations of the magnetostrictive layers in the FGM1 shells, for h m = 1 mm (top), h m = 2 mm (middle), and h m = 3 mm (bottom). Z m is expressed in units of m, W max in units of mm, and t s in units of s.
are carried out for various locations (Z m ) of the magnetostrictive layers. The vibration suppression time t s versus the distance Z m of the magnetostrictive layers from the neutral plane for various h m are plotted in Figure 5 . This includes magnetostrictive layers with h m values of 1 mm, 2 mm and 3 mm at various locations. Figure 5 shows that the curve changes more rapidly for a thinner magnetostrictive layer. Further, thin magnetostrictive layers kept away from the neutral plane exhibit better attenuation. The Table 7 . Vibration suppression using FSDT and HSDT. results presented here agree qualitatively with the results presented in [Pradhan et al. 2001; He et al. 2002; Pradhan 2005] . Effect of vibration modes. The effect of higher modes of vibration on the vibration suppression time is studied for the FGM1 shell. Transverse deflection versus time for various cases of the FGM shells are plotted in the next three figures. The parts of Figure 6 show the transient response of modes 1, 3, 5, and 7, respectively. It is observed that attenuation favors the higher modes. This is clearly seen in Figure 7 , where modes 1 and 3 are compared for the FGM1 and FGM2 shells. These figures indicate that mode 3 attenuates at a significantly faster rate compared to mode 1. The results in Figure 6 also show that the vibration suppression time decreases very rapidly as the vibration mode number increases. These vibration results for various modes agree qualitatively with the results presented in [Pradhan et al. 2001; Pradhan 2005] .
Effect of intensity of control gain. The values of t s for values of the intensity of control gain C(t) r c of 1,000 and 10,000 are computed and the results are listed in Table 6 . This shows that increase in the intensity of control gain results in a proportional increase in the vibration suppression time. From the results listed in Table 6 , it is interesting to note that t s is directly proportional to the control gain of the applied magnetic field.
Effect of material properties of FGM shell. The effect of the material properties of the FGM shell on the vibration suppression time is studied. Figure 8 displays the vibration suppression for the FGM1 and FGM2 shells. For this comparison study Z m is assumed to be 9.5 mm. From Figure 8 , it is observed that the FGM1 shell has lower frequency compared with the FGM2 shell. This confirms that the FGM1 shell has lower flexural rigidity and thus a lower frequency compared with the FGM2 shell. These results agree qualitatively with the results presented in [Pradhan et al. 2001; Pradhan 2005 ]. Effect of higher order shear deformation theory. From Table 6 , it is observed that when employing HSDT, t n is dependent on the intensity of the control gain. Under FSDT we observe that t n is independent of the intensity of the control gain. These results agree qualitatively with the results presented in [Pradhan et al. 2001; Pradhan 2005] . t n is found to depend on the intensity of the control gain. This reveals that HSDT analysis takes into account the effect of the control gain on the vibration response. Results are obtained for various a/ h ratios and listed in Table 7 . Here h and a represent the thickness of the shell and the arc length of the shell boundaries. From Table 7 and Figure 9 one could observe that as the thickness of the shell decreases the maximum deflection increases for both FSDT and HSDT. Further maximum deflections predicted by HSDT are larger than those from FSDT. For an a/ h ratio of 5 the maximum deflection predicted by HSDT is 51% larger than that from FSDT, while for an a/ h ratio of 100 the maximum deflection predicted by HSDT is only 2% larger than that from FSDT. Further, the t s predicted by HSDT is larger than the corresponding results of FSDT. This is due to the fact that HSDT takes into account the shear forces along the thickness of the thick FGM shell. This study suggests that HSDT should be considered for the analysis of the thick FGM shell.
Conclusions
A theoretical formulation for a FGM shell with embedded magnetostrictive layers has been presented. The analytical solutions for the case of simply-supported boundary conditions has been derived, and numerical results are presented. The formulation is based on HSDT, and the analytical solution for the simply-supported shell is based on the Navier solution approach. The effects on the vibration suppression time of the material properties of the FGM shell, the thicknesses of the magnetostrictive layers, and the locations of the magnetostrictive layers have been examined in detail. It was found that attenuation effects were better if the magnetostrictive layers were placed farther away from the neutral plane. Attenuation effects were also better when the magnetostrictive layers were relatively thinner. The suppression time ratio was directly proportional to the control gain of the applied magnetic field. Furthermore, the influence of higher order shear deformation shell theory is significant for thick FGM shells. 
